The first multiplicative Zagreb index of a graph G is the product of the square of every vertex degree, while the second multiplicative Zagreb index is the product of the products of degrees of pairs of adjacent vertices. In this paper, we explore the trees in terms of given number of vertices of maximum degree. The maximum and minimum values of 1 (G) and 2 (G) of trees with arbitrary number of maximum degree are provided. In addition, the corresponding extremal graphs are characterized.
Introduction
Throughout this paper, we consider simple, connected and undirected graphs. Denote a graph by G = (V, E), where V = V (G) is called vertex set and E = E(G) is called edge set. For a vertex v ∈ V (G), the neighborhood of v is the set N (v) = N G (v) = {w ∈ V (G), vw ∈ E(G)}, and d G (v) (or d(v)) denotes the degree of v with d G (v) = |N (v)|. n i is the number of vertices of degree i ≥ 0. If a graph G contains n vertices and n − 1 edges, then G is called a tree. For a vertex v ∈ V (T ) with 2 ≤ d T (v) ≤ ∆(T ) − 1, its edge rotating capacity is defined to be d T (v) − 1. The total edge rotating capacity of a tree T is equal to the sum of the edge rotating capacities of its vertices that satisfy the condition 2 ≤ d T (v) ≤ ∆(T ) − 1. As usual, denote P n by the path on n vertices. The maximum vertex degree in the graph G is denoted by ∆(G). In the interdisplinary of mathemactics, chemistry and physics, molecular invariants/descriptors could be useful for the study of quantitative structure-property relationships (QSPR) and quantitative structure-activity relationships (QSAR) and for the descriptive presentations of biological and chemical properties, such as boiling and melting points, toxicity, physico-chemical, and biological properties [1, 11, 12, 13, 14, 21, 22] . One class of the oldest topological molecular descriptors are named as Zagreb indices [2] , which are literal quantities in an expected formulas for the total π-electron energy of conjugated molecules as follows.
Based on the successful considerations on these applications of Zagreb indices [3] , [15, 16, 20] presented the following multiplicative variants of molecular structure descriptors:
Recently, there are lots of articles explored multiplicative Zagreb indices in the interdisplinary of chemistry and mathematics [4, 5, 6, 7, 8, 9, 10] . Iranmanesh et al. [17] explored first and second multiplicative Zagreb indices for a class of chemical dendrimers. Xu and Hua [18] provided an unified approach to characterize extremal maximal and minimal trees, unicyclic graphs and bicyclic graphs regarding to multiplicative Zagreb indices, respectively. Wang and Wei [20] gave the maximum and minimum indices of these indices in k-trees, and the corresponding extreme graphs are provided. Liu and Zhang [14] investigated some sharp upper bounds for 1 -index and 2 -index in terms of graph parameters such as an order, a size and a radius [19] . Kazemi [23] studied the bounds for the moments and the probability generating function of these indices in a randomly chosen molecular graph with tree structure of order n. Borovićanin et al. [24] introduced upper bounds on Zagreb indices of trees, and a lower bound for the first Zagreb index of trees with a given domination number is determined and the extremal trees are characterized as well. Borovićanin and Lampert [25] provided the maximum and minimum Zagreb indices of trees with given number of vertices of maximum degree.
Motivated by above results, in this paper we further investigate the multiplicative Zagreb indices of trees with arbitrary number of vertices of maximum degree. The maximum and minimum values of 1 (G) and 2 (G) of trees with arbitrary number of maximum degree are provided. In addition, the corresponding extreme graphs are charaterized. Our results extends and enriches some known conclusions obtained by [25] .
Preliminaries
It is known that each tree has at least two minimum degree vertices, named as pendent vertices, and some maximum degree vertices. It is natural to consider the trees with arbitrary number of maximum degree vertices.
Let T n,k be the class of trees with n vertices, in which there exist k vertices having the maximum degree with n > k > 0. Note that the path P n is the unique element of T n,n−2 . So, in the following we consider the class T n,k with k ≤ n − 3.
We first introduce several facts and tools, which are important in the proofs of following sections.
By the routine calculations, one can derive the following propositions.
Based on the above algebraic tools, we are ready to provide the sharp upper and lower bounds of first multiplicative Zagreb index of such trees in section 3, and the sharp upper and lower bounds of second multiplicative Zagreb index of these trees in section 4. Some of notations and figures are used close to [25] .
3
The sharp upper and lower bounds of first mutiplicative Zagreb index on the trees
In this section, we obtain the bounds of the first multiplicative Zagreb index in the class T n,k .
The sharp upper bounds of 1 on trees with given number of vertices of maximum degree
The first multiplicative Zagreb index of T n,k can be routinely calculated if the degree sequence is given.
Lemma 3.1. Let T 1 min be a tree with minimal value of first multiplicative Zagreb index in
Proof. Let ∆ be the maximum vertex degree in the tree T 1 min . By Proposition 2.1, we have ∆ ≤ n−2 k
+ r, where 0 ≤ r < k.
Firstly, we assume that
and
By the relations (1) and (2), we can obtain that
Let n 1 = 2 + k(∆ − 2) + n 1 with n 1 ≥ 0. Using (1) we obtain
which implies that
Also, by the relation (2), one can calculate that
By subtracting the relations (4) and (5), we have
Then the total edge rotating capacity of this tree is greater than or equal to k.
be a vertex that has positive edge rotating capacity and let d i be its degree with 2 ≤ d i ≤ ∆ − 1. Define a tree T 1 with the vertex degree sequence
. By the definition of 1 , we have
Therefore, 1 (T 1 ) < 1 (T 1 min ). Note that T 1 has the maximum vertex degree equal to ∆ + 1, then T 1 / ∈ T n,k . Since T 1 min has k − 1 vertices of degree ∆, and the total positive edge rotating capacity of d 2 , d 3 , . . . , d ∆−1 is at least k − 1, by the relation (6). Then we can conclude the following statements.
We recursively proceed the above described transformations of the tree T 1 min for k − 1 times on each vertex of maximum degree ∆. In every step, we could define a tree T l with degree sequence
is the degree of any vertex v i ∈ V (T l−1 ) with k < i ≤ n, which has positive edge rotating capacity (this vertex exists, because the total edge rotating capacity of the tree T l−1 is at least k − l + 1). It is natural to see that after some described transformations, we obtain a tree whose degrees d k+1 , · · · , d n are in an increasing order. Except for these steps, every such transformation strictly decreases the first multiplicative Zagreb index. Finally, we could get trees
. Considering that T k has k vertices of degree ∆ + 1, all of them are vertices of maximal degree.
, it contradicts the fact that T 1 min has the minimal first multiplicative Zagreb index in T n,k . Thus, t = 0 and it could be considered as ∆ = ∆ max = n−2 k
This completes the proof of ∆ = ∆ max = n−2 k
Based on the above proof, the following remark is immediate.
Remark 3.1. The statement of Lemma 3.1 holds for k = n − 2, i.e., T n,n−2 = P n .
The next theorem provides the sharp lower bound of 1 (G) and charaterizes the exremal graphs achieving such lower bound.
where the equality holds if and only if its degree sequence is (∆,
be the vertex degree sequence of a tree T 1 min with minimal first multiplicative Zagreb index in T n,k . By Lemma 3.1 we have that
Since ∆ − 1 = n−2 k , then one can obtain that ∆ − 1 is the integer section of n−2 k . Based on the previous lemma, let n − 2 = k(∆ − 1) + r, where 0 ≤ r < k. From the relation (3), it follows that n 1 ≥ k(∆ − 2) + 2 = n − k − r, and n 1 has at least n − k − r vertices with one degree. Therefore,
Note that n ∆ = k and n 1 = k(∆ + 2) + 2 + n 1 with n 1 ≥ 0. Combining with the relations (1) and (2), and t = 0 in the relations (5) and (6), we obtain that
Since n i ≥ 0 with i = 2, 3, · · · , ∆ − 1, from the relation (9) it follows that p = n ∆−1 ≤ r ∆−2 . Because p is a non-negative integer number, we obtain p ≤ r ∆−2 . Now, suppose that p < r ∆−2 and r ∆−2 = t . Let
where 0 ≤ y < (∆ − 2). Then
So there exist n i and n j (2 ≤ i < j ≤ ∆ − 2), where n i = 0 and n j = 0 or n i ≥ 2 (where 2 ≤ i ≤ ∆−2) and the equality (9) is satisfied. Furthermore, since π = (∆, ∆, 
, and π is the vertex degree sequence of a tree T . Also,
Therefore, 1 (T ) < 1 (T 1 min ). This contradicts the choice of T 1 min which has the minimal first multiplicative Zagreb index in the class T n,k . Hence we conclude that p = n ∆−1 = r ∆−2 . Next, by the relation (10) we obtain that y=n 2 +2n 3 + · · · +(∆ − 3)n ∆−2 (for 0 ≤ y < ∆ − 2), and
According to the analysis of the relation (10), it can be proved that n µ = 1 (where 2 ≤ µ ≤ ∆ − 2).
, and n i = 0, for i = µ, where 2 ≤ i ≤ ∆ − 2, since in the opposite case we can construct a tree whose 1 is smaller than 1 (T 1 min ) again.
Hence, the tree T 1 min has minimum first multiplicative Zagreb index. So we conclude that n µ = 1, and µ = r − p(∆ − 2) + 1, namely,
Therefore, the tree T 1 min with minimum first multiplicative Zagreb index in the class T n,k has the vertex degree sequence π = (∆,
The first multiplicative Zagreb index of the tree T 1 min can now be routinely calculated. Remark 3.2. The statement of Theorem 3.1 also holds for k = n − 2, i.e., T n,k = P n .
The sharp lower bound of 1 on trees with given number of vertices of maximum degree
In the following theorem we will describe the trees that have the maximal first multiplicative Zagreb index in the class T n,k .
Lemma 3.2. Let T 1 max be a tree with maximal first multiplicative Zagreb index in the class T n,k , where 1 ≤ k ≤ n 2 − 1. Then its maximum degree ∆ equals to 3.
Proof. We first assume that ∆ ≥ 4 and u is a vertex of maximum degree ∆ in T 1 max . Figure 1 : The graphs T 1 max and T 1 in Lemma 3.2.
..u ∆−2 be the vertices adjacent to u in T 1 max , and z 1 be a pendent vertex connected to u via u 1 (it is possible that z 1 ≡ u 1 ) (Figure 1 ). Now we define a tree T 1 such that
Then
that is, 1 (T 1 ) > 1 (T 1 max ). Obviously, the tree T 1 has k − 1 vertices of degree ∆. Analogously, we apply similar transformations described in the relation (13) on every vertex u of degree ∆. In each step from a tree T i , we obtain a tree T i+1 with 1 ≤ i ≤ k − 1 that has greater first multiplicative Zagreb index than its predecessor. After k repetitions of these transformations, we arrive at the tree T k , which has k vertices having the maximum degree ∆ − 1. Clearly, T k ∈ T n,k and Considering the tree maximizing 1 in the class T n,k , it contradicts the choice of T 1 max . Then T 1 max has the maximum degree of 3, this completes our proof.
where the equality holds if and only if T has degree sequence π = (3, 3,
).
Proof. Let T 1 max be a tree with maximum 1 in the class T n,k . By Lemma 3.2, we obtain ∆ = 3. So the vertex degree sequence of this tree is π = (3, 3,
Hence, applying to the equality (1) we obtain
Furthermore, since n 3 = ∆ = k, then
According to the relation (16), we can conclude that n 1 =k+2 and n 2 =n-(n 1 + n 3 )=n-2k-2. Hence,
),
Therefore, this completes our proof.
Remark 3.3. Let T k be a tree with maximal first multiplicative Zagreb index in the class T n,k , and
Proof. We can directly obtain by Theorem 3.2.
4
The sharp upper and lower bounds of second mutiplicative Zagreb index on the trees
In this section, we first characterize the trees with maximal second multiplicative Zagreb index in the class T n,k , and let π = (d 1 , d 2 , · · · , d n ) be a degree sequence of a tree. To prove our main result in this section, we provide a lemma in each subsection and use it to deduce our theorems.
4.1
The sharp lower bound of 2 on trees with given number of vertices of maximum degree Lemma 4.1. Let T 2 min be a tree with minimal second multiplicative Zagreb index in the class T n,k . Then, ∆(T 2 min ) = 3.
Proof. Suppose that ∆ ≥ 4 and u is a vertex of maximum degree ∆ in T 2 min .
Figure 2: The graphs T 2 min and T 1 in Lemma 4.1.
min , and z 1 a pendent vertex connected to u via u 1 (it is possible that z 1 ≡ u 1 ) (Figure 2 ). Likewise, we define a tree T 1 such that
Therefore, 2 (T 1 ) < 2 (T 2 min ). In the same way, we use these transformations described in the relation (16) on every vertex v of degree ∆. Now, we transform T 2 min with the remaining k − 1 vertices of the degree ∆ into ∆ − 1. After k repetitions of the transformation we arrive at the trees T 2 , T 3 ,· · · ,T k , in which k vertices have
min ). Thus, T k has k maximum degree vertices. This contradicts the choice of T 2 min as the tree that minimizes 2 in the class T n,k . Therefore, ∆(T 2 min ) = 3.
Proof. Let T 2 min be a tree with minimal 2 (G) in the class T n,k . According to Lemma 4.1, we obtain ∆(T 2 min ) = 3. ).
Clearly, n 1 + 2n 2 + 3k = 2(n − 1) = 2n 1 + 2n 2 + 2k − 2. Then n 1 = k + 2, n 2 = n − n 1 − n 3 = n − 2k − 2.
Therefore, 2 (T 2 min ) = (3 3 ) k (2 2 ) n 2 (1 1 ) n 1 = 27 k 4 n−2k−2 = ( Proof. According to Theorem 4.1 we can deduce that the proposition is correct.
The sharp upper bound of
2 on trees with given number of vertices of maximum degree Lemma 4.2. Let T 2 max be a tree with maximum second multiplicative Zagreb index in the class T n,k , then its maximum vertex degree ∆(T 2 max ) = n−2 k + 1.
Proof. Let ∆ = ∆(T 2 max ) be the maximum vertex degree of a tree T 2 max . By Proposition 2.1, ∆ ≤ n−2 k + 1. By the similar proof of Lemma 3.1, we can conclude that the tree T 1 . Then,
(by Proposition 2.3 and 2 ≤ d i ≤ ∆ − 1 < ∆)
Therefore, 2 (T 1 ) > 2 (T 2 max ). We can repeat remaining described transformations of the tree T 2 max on every of degree ∆. Therefore, we can conclude that this contradicts the fact that T 2 max has the maximum second multiplicative Zagreb index in the class T n,k .
This proves that ∆(T 2 max ) = n−2 k + 1.
